Simulation of Mechanical System with Two Degrees of Freedom with Bond Graphs and MATLAB/Simulink  by Hroncová, Darina et al.
 Procedia Engineering  48 ( 2012 )  223 – 232 
1877-7058 © 2012 Published by Elsevier Ltd.Selection and/or peer-review under responsibility of the Branch Offi ce of Slovak Metallurgical Society at 
Faculty of Metallurgy and Faculty of Mechanical Engineering, Technical University of Košice
doi: 10.1016/j.proeng.2012.09.508 
MMaMS 2012 
Simulation of mechanical system with two degrees of freedom with 
Bond Graphs and MATLAB/Simulink 
Darina Hroncováa, Patrik Šargaa, Alexander Gmiterkoa* 
aTechnical University of Košice, Faculty of Mechanical Engineering, Letná 9, 042 00 Košice, Slovak republic 
Abstract 
The work shows the use of Bond Graph formalism for modeling dynamic systems. As an example a mechanical model of 2 DOF is solved 
by this approach at the level of its physical behavior. In contrast with the classical method, where the equations for individual components 
are created first and then the simulation scheme is derived on their basis, the described method uses the reverse procedure.          
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Nomenclature 
R rezistor 
I inductor 
C capacitor 
TF transformer 
GY gyrator 
v(t) the input variable velocity (m/s) 
t time (s) 
1. Introduction 
The concept of bond graphs was originated by Paynter (1961). The idea was further developed by Karnopp and 
Rosenberg in their textbooks (1968, 1975, 1983, 1990), such that it could be used in practice (Thoma, 1975; Van Dixhoorn, 
1982). By means of the formulation by Breedveld (1984, 1985) of a framework based on thermodynamics, bond graph 
model description evolved to a systems theory [1]. 
The bond graph technique is a graphical language of modeling. Component energy ports are connected by bonds that 
specify the transfer of energy between system components. Components regardless of any energy domains are connected 
through a lossless line called power bond. The direction in which the power flow is assigned, a positive value is indicated by 
a half-arrow on one end of the bond as it is shown in Fig. 1. The language of bond graphs aspires to express general class 
physical systems through power interactions. In the bond graph method, power consists of two variables which are known 
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as generalized effort generalized flow denoted by e and f respectively. The power flowing in the bond is defined as the 
product of an effort and a flow variable. The factors of power i.e., effort and flow, have different interpretations in different 
physical domains. Yet, power can always be used as a generalized coordinate to model coupled systems residing in several 
energy domains. 
2. Bond graph of the mechanical system 
A subsystem is represented by a closed line with a name [10], [17-18]. This line represents the frontiers of the subsystem. 
For each energy interchange of the system with its environment we associate to it an energetic  port of a  defined  type  
(mechanical energy, electrical energy, etc.). A unidirectional semi headed arrow shows the energy interchange throw this 
port and carries the data relative to the power transported (e: effort and f: flow). These two variables are necessary and 
sufficient to describe the energetic transfers inside the system. They correspond to a couple of variables in each energetic 
domain (Tab. 1). 
                 Table 1. Effort and flow variables in some physical domains  
Energetic domain Effort e Flow f
Translational mechanics Force Velocity 
Rotational mechanics Torque Angular velocity 
Electricity Voltage Current 
Hydraulic Pressure Volume flow rate 
Temperature Entropy change rate 
Thermal 
Pressure Volume change rate 
Magnetic Magneto-motive Force Magnetic flow 
The elementary components are classified by their energetic behaviour (energy dissipation, energy storage, etc.), by their 
function inside the system (flow sensor, etc.) as it is shown in Tab. 2. 
                         Table 2. Elementary components of bond graph  
Component Nomenclature Description 
SE Effort generation. Active elements SF Flow generation. 
R Energy dissipation node. 
I Effort storage node. Passive elements 
C Flow storage node. 
TF Energy transformation implying: Conversion elements GY Energy transformation implying: 
Junctions are used to associate those elementary components. They transmit the energy instantaneously. They must 
connect a number of arrows higher than 1. 
                   Table 3. Junctions  
Type of junction Flow and Energy transmission 
Junction 0: 
all efforts are equal Ex: Parallel connection in electrics.  
f-f1-f2-f3=0 
e=e1=e2=e3
Junction 1: 
all flows are equal Ex: Series connection in electrics 
f=f1=f2=f3
e-e1-e2-e3=0 
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Fig. 1. Illustration of junction for (a) example of 0-junction and (b) example of 1-junction. 
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There are two basic junctions defined in the bond graph method, 0-junction and 1-junction (Fig. 1). 0-junction which is 
indicated as 0 is the effort equalizing junction or flow summing junction. While 1-junction is indicated as 1 and it is flow 
equalizing junction or effort summing junction (Tab. 3). 
2.1. Bond Graph Standard Elements 
In bond graphs, one needs to recognize only four groups of basic symbols, i.e., three basic one port passive elements, two 
basic active elements, two basic two port elements and two basic junctions. The basic variables are effort (e), flow (f), time 
integral of effort (p) and time integral of flow (q). Generalized momentum is the time integral of effort which is assigned by 
p and generalized displacement is the time integral of flow assigned by q.  
2.2. Basic 1-Port elements Standard Elements 
A 1-port element is addressed through a single power port, and at the port a single pair of effort and flow variables exists. 
Ports are classified as passive ports and active ports. Active 1-ports are called active because they contain sources of power. 
There are two types of active 1-ports, effort sources and flow sources. An example of an effort source is the force of gravity. 
The flow source can be a source of for instance velocity or flow rate. The passive ports are idealized elements because they 
contain no sources of power. The inertia or inductor, compliance or capacitor, and resistor are classified as passive elements.  
2.3. R-Elements
The 1-port resistor, R, is an element in which the effort and flow variables at the single port are related by a static 
function. Usually, resistors dissipate energy. This must be true for simple electrical resistors, mechanical dampers or 
dashpots, porous plugs in fluid lines, and other analogous passive elements. The bond graph symbol for the resistive 
element is shown below. 
The half arrow pointing towards R means that the power i.e., product of F and v (or e and f) is positive and flowing into 
R, where e represents effort or force, and f represents flow or velocity (Fig. 2). 
2.4. C-Elements 
Consider a 1-port device in which a static constitutive relation exists between an effort and a displacement. Such a device 
stores and gives up energy without loss. In bond graph terminology, an element that relates effort to the generalized 
displacement (or time integral of flow) is called a one-port capacitor, C (Fig. 2). In the physical terms, a capacitor is an 
idealization of devices like springs, torsion bars, electrical capacitors, gravity tanks, and accumulators, etc. 
2.5. I-Elements 
A second energy storing 1-port arises if the momentum (p) is related by a static constitutive law to the flow (f). Such an 
element is called an inertial element in bond graph terminology. The inertial element is used to model inductance effects in 
electrical systems and mass or inertia effects in mechanical or fluid systems. 
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Fig. 2. Illustration of elements (a) example of R-elements and (b) example of C and I-elements. 
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2.6. Effort and Flow Sources 
The active ports are those, which give reaction to the source. For, example if we step on a rigid body, our feet reacts with 
a force or source. For this reason, sources are called active ports. Force is considered as an effort source and the surface of a 
rigid body gives a velocity source. They are represented as a half arrow pointing away from the source symbol. In electrical 
domain, an ideal shell would be represented as an effort source. Similarities can be drawn for source representations in other 
domains. 
2.7. Basic 2-Port Elements 
There are only two kinds of two port elements, namely „Transformer“ and „Gyrator“. The bond graph symbols for these 
elements are TF and GY, respectively. As the name suggests, two bonds are attached to these elements. 
2.8. The Transformer 
The bondgraphic transformer (Fig. 3a) can represent an ideal electrical transformer, a massless lever, etc. The 
transformer does not create, store or destroy energy. It conserves power and transmits the factors of power with proper 
scaling as defined by the transformer modulus. 
2.9. The Gyrator 
A transformer relates flow-to-flow and effort-to-effort. Conversely, a gyrator established relationship between flow and 
effort to flow, again keeping the power on the ports same. The simplest gyrator is a mechanical gyroscope. In the electrical 
domain, an ideal DC motor is represented as a gyrator, where the output torque is proportional to the input current and the 
back emf is proportional to the motor angular speed (Fig. 3b). In general, gyrators are used in most of the cases where 
power from one energy domain is transferred to another, viz. electrical to rotational, electrical to magnetic, and hydraulic to 
rotational. 
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Fig. 3. Illustration of elements (a) example of TF-elements and (b) example of GY-elements. 
2.10. The 3-Port junction elements 
The name 3-port used for junctions is a misnomer. In fact, junctions can connect two or more bonds. There are only two 
kinds of junctions, the 1 and the 0 junction. They conserve power and are reversible. They simply represent system topology 
and hence the underlying layer of junctions and two-port elements in a complete model (also termed the Junction Structure) 
is power conserving. 
1-junctions have equality of flows and the efforts sum up to zero with the same power orientation. They are also 
designated by the letter S in some older literature. Such a junction represents a common mass point in a mechanical system, 
a series connection (with same current flowing in all elements) in an electrical network and a hydraulic pipeline representing 
flow continuity, etc. 
So, a 1-junction is governed by the following rules: The flows on the bonds attached to a 1-junction are equal and 
algebraic sum of the efforts is zero. The signs in the algebraic sum are determined by the half-arrow directions in a bond 
graph. 
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0-junctions have equality of efforts while the flows sum up to zero, if power orientations are taken positive toward the 
junction. The junction can also be designated by the letter P. This junction represents a mechanical series, electrical node 
point and hydraulic pressure distribution point or pascalian point. 
So, a 0-junction is governed by the following rules: The efforts on the bonds attached to a 0-junction are equal and the 
algebraic sum of the flows is zero. The signs in the algebraic sum are determined by the half-arrow directions in a bond 
graph. 
3. Description of the model 
As an example a mechanical model of damped mass-spring system with two degrees of freedom is analyzed in Fig. 4 and 
Fig. 5 [2-9], [11-15], [17-18]. 
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Fig. 4. Example damped mass-spring system (a) real car wheel suspension and (b) one-fourth mass simplified model of the automobile. 
In mechanical diagrams the port variables of the bond graph elements are the force on the element port and velocity of 
the element port. 
4. Systematic procedure to derive a bond-graph modelscription of the model 
We have discussed the basic bond graph elements and the bond, so we can transform a domain-dependent ideal-physical 
model, written in domain-dependent symbols, into a bond graph. For this transformation, there is a systematic procedure, 
which is presented here. 
Step 1 – Determine which physical domains exist in the system and identify all basic elements like C, I, R, SE, SF, TF
and GY. 
This system contains a translation mechanic domain part with the mass of the load (I), the damper (R) and a spring (C). 
Force is considered as an effort source (SE), velocity is considered as an flow source (SF). 
Step 2 – Indicate in the ideal-physical model per domain a reference flow (reference velocity with positive direction for 
the mechanical domains). 
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Fig. 5. Damped mass-spring system with two degrees of freedom (a) reference velocity vref , (b) velocity of the element port and (c) 1 junctions. 
The references are indicated in the ideal physical model: the ideal velocity vref = 0 in Fig. 5 a). 
Step 3 – Identify all other flows (mechanical domains: velocities) and give them unique names in Fig. 5 b). 
Step 4 – Draw these flows (mechanical: velocities), graphically by 1-junctions in Fig. 5 c). 
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Step 5 – Identify all flow differences (mechanical: velocity = flow) needed to connect the ports of all elements 
enumerated in step 1 to the junction structure. When checking all ports of the elements found in step 1 linear velocity 
differences, v1 is identified. 
v1-vref = v1 (1) 
Step 6 – Construct the flows differences using a 0-junction and draw them as such in the graph in Fig. 6 a).
The junction structure is now ready and the elements can be connected. 
Step 7 – Connect the port of all elements found at step 1 with the 1-junction of the corresponding flows or efforts 
differences in Fig. 6 b). 
Step 8 – Simplify the resulting graph by applying the simplification rules in Fig. 6 b) and  Fig. 6 c). 
A junction between two bonds can be left out, if the bonds have a through power direction (one bond incoming, the other 
outgoing). 
A bond between two the same junctions can be left out, and the junctions can join into one junction. 
Two separately constructed identical effort or flow differences can join into one effort or flow difference. 
Step 9 – Determine the signal direction (causality) Fig. 7. Causality establishes the cause and effect relationships 
between the factors of power. Each bond connects two elements in a bond graph, but it is not always easy to say whether 
element A (see Fig. 8) prescribes an effort upon element B, which replies with a flow, or opposite. The causal stroke, |, is 
the bond graph symbol for causality. Sources are simple components to assign causality to, because there is only one option. 
An effort source creates an effort which is applied to another component, and therefore the causal mark must be placed at 
the far end of the bond connected to the source. The flow source a flow which causes the element at the other end of the 
bond to reply with an effort. Hence, the causality of the flow source is the opposite of the effort source. For 0-junctions only 
one bond can have the causal mark placed towards the junction, while 1-junctions allow only one bond to have the causal 
mark placed away from the junction. Inertia and capacitor elements can have both integral and derivative causality, but 
integral causality is strongly preferred. The reason is that a realization of the elements will then involve integration instead 
of derivation. Resistor elements can be assigned whatever causality that fits. 
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Fig. 6. (a) Connecting of junctions of type 0, (b) the complete bond graph and (c) the causal bond graph. 
In bond graphs, the inputs and the outputs are characterized by the causal stroke. The causal stroke indicates the direction 
in which the effort signal is directed (by implication, the end of the bond that does not have a causal stroke is the end 
towards which the flow signal is directed). 
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Fig. 7. The bond graph with signal direction and with assigned causality. 
There are two ways of describing an element's behavior (e.g. effort in, flow out vs. flow in, effort out) as different causal 
forms. Note that the two alternative causal forms may, in general, require quite different mathematical operations. The 
causal form we use, i.e. which variable we select as input and which we select as output, can make a lot of difference. For 
example, the required mathematical operations may be well defined in one causal form, but not defined at all in the other. 
5. Expansion to block diagrams - systematic procedure to derive a state equation of motion from bond graph model 
The equations of the motion are derived in the steps described below. 
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Fig. 8. The bond graph example – bilateral signal flows between ports and definition of the causal stroke. 
A causal bond graph (Fig. 7) can be expanded into a block diagram in three steps. 
Step 1 – All node symbols (Fig. 9 a) are encircled. 
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Fig. 9. The bond graph example (a) element layout and (b) bilateral signals flows. 
Step 2 – All bonds are expanded into bilateral signal flows according to the assigned causality (Fig. 8),(Fig. 9b). 
Step 3 – All constitutive relations of each node are written into block diagram form (Tab. 1), according to the assigned 
causality of each port; one-junction is represented by a signal-node for the flows and a summation for the efforts (Fig. 10). 
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Fig. 10. The bond graph with signal direction (causality). 
All signals entering a summation resulting from a junction are given a sign corresponding to the half-arrow direction: if, 
while traveling from causal input to causal output, the bond orientation does not change (this does not exclude an orientation 
opposite to the signal direction), then a plus sign is added representing a positive contribution to the summation; by contrast 
if the bond orientation does change, then a minus sign is added representing a negative contribution to the summation. In 
principle, a complete block diagram is obtained at this point.  
                                                                               Table 1. Types of elements in bond graph 
Type of element Element connection 
,
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The procedure to obtain a signal flow graph is completely analogous to the above procedure as all operations represented 
by blocks, including the signs of the summations, are combined as much as possible and then written next to an edge, while 
all summations become nodes, as signal nodes can be distinguished from signal summation points by observing the signal 
directions (signal node has only one input, summation has only one output). 
6. Generation of the equations 
The state equations derived from a bond graph model in Fig. 10 are: 
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where state variables p(t) and x(t) are momentum and displacement respectively: 
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For state variables x(t)-x1 (t), x1(t)-x2 (t), pm1(t), pm2(t) we obtain state equation in matrix form:
( ) ( )[ ]
( ) ( )[ ]
( )
( )
( ) ( )
( ) ( )
( )
( )
( )
»»
»
¼
º
««
«
¬
ª
»»
»»
»»
»»
»
¼
º
««
««
««
««
«
¬
ª
+
»»
»»
»»
»»
»
¼
º
««
««
««
««
«
¬
ª
−
−
»»
»»
»»
»»
»»
¼
º
««
««
««
««
««
¬
ª
−
−−
−
=
»»
»»
»»
»»
»»
¼
º
««
««
««
««
««
¬
ª
−
−
0
.
00
00
00
01
.
0
1100
0100
d
d
d
d
d
d
d
d
2
1
21
1
2
2
1
2
2
2
2
1
2
21
21
1
2
1
21
1
tv
tp
tp
txtx
txtx
m
b
m
bk
m
b
m
bkk
mm
m
t
tp
t
tp
t
txtx
t
txtx
m
m
m
m
 , (10) 
state vector is 
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For state variables Fk1(t), Fk2(t), v1(t) and v2(t) we obtain the state equation in matrix form: 
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state vector is 
( ) ( ) ( ) ( )[ ]Tkk tvtvtFtF 2121 ,,,=X  . (13) 
State-space equations for mechanical system in Fig. 4b) have been derived. Solution these equations we can obtaine for 
example in Matlab/Simulink. 
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7. Conclusion 
Bond graphs represent a convenient tool for physical system analysis. We presented a method to systematically build a 
bond graph starting from an ideal physical model. Causal analysis gives, besides the computational direction of the signals 
at the bonds, also information about the correctness of the model. A practical example of a 2 DOF mechanical model is 
presented as the application of this methodology. 
The differential equations describing the dynamics of the system in terms of the states of the system were derived from a 
bond graph diagram of a two degree of freedom mechanical system.  
Bond graph method combined with computer implementation is a very powerful tool for modeling and simulation of 
dynamic systems, especially ones where many different engineering systems are combined to make up a complete system. It 
can be electrical, mechanical, hydraulic or even thermodynamic. 
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